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Explicit Factorizations of Cyclotomic and
Dickson Polynomials over Finite Fields
Robert W. Fitzgerald and Joseph L. Yucas
Southern Illinois University Carbondale
Abstract. We give, over a finite field Fq, explicit factorizations into
a product of irreducible polynomials, of the cyclotomic polynomials of
order 3 · 2n, the Dickson polynomials of the first kind of order 3 · 2n and
the Dickson polynomials of the second kind of order 3 · 2n − 1.
KEYWORDS: finite field, cyclotomic polynomial, Dickson polynomial
1 Introduction
Explicit factorizations, into a product of irreducible polynomials, over Fq of the
cyclotomic polynomials Q2n(x) are given in [4] when q ≡ 1 (mod 4). The case
q ≡ 3 (mod 4) is done in [5]. Here we give factorizations of Q2nr(x) where r
is prime and q ≡ ±1 (mod r). In particular, this covers Q2n3(x) for all Fq of
characteristic not 2, 3. We apply this to get explicit factorizations of the first
and second kind Dickson polynomials of order 2n3 and 2n3− 1 respectively.
Explicit factorizations of certain Dickson polynomials have been used to com-
pute Brewer sums [1]. But our basic motivation is curiosity, to see what factors
arise. Of interest then is how the generalized Dickson polynomials Dn(x, b) arise
in the factors of the cyclotomic polynomials and how the Dickson polynomials
of the first kind appear in the factors of both kinds of Dickson polynomials.
Let q be a power of an odd prime and let v2(k) denote the highest power of 2
dividing k. We will only consider the case where r is prime and q ≡ ±1 (mod r).
We recall the general form of the factors of cyclotomic polynomials in this case
(see [4] 3.35 and 2.47).
Proposition 1. Let L = v2(q2 − 1), and work over Fq.
1. Suppose q ≡ 1 (mod r). Then:
(a) For 0 ≤ n ≤ v2(q − 1), Q2nr(x) is a product of linear factors.
(b) For v2(q − 1) < n ≤ L, Q2nr(x) is a product of irreducible quadratic
polynomials.
(c) For n > L, Q2nr(x) =
∏
fi(x2
n−L
), where Q2Lr(x) =
∏
fi(x).
2. Suppose q ≡ −1 (mod r). Then:
(a) For 0 ≤ n ≤ L, Q2nr(x) is a product of irreducible quadratic factors.
(b) For n > L, Q2nr(x) =
∏
fi(x2
n−L
), where Q2Lr(x) =
∏
fi(x).
2 Factors of cyclotomic polynomials
As before, L = v2(q2 − 1) and r = 2s + 1 be a prime. Let Ω(k) denote the
primitive kth roots of unity in Fq2 .
We will often use the following, which is equation 7.10 in [4]. For m ≥ 0
D2m(x, c) = Dm(x2 − 2c, c2).
Lemma 1. Suppose q ≡ −1 (mod r). Let N denote the norm Fq2 → Fq.
1. If q ≡ 3 (mod 4) and ρ ∈ Ω(2n), for n ≤ L, then
N(ρ) =
{
1, if 2 ≤ n < L
−1, if n = L.
2. If ω ∈ Ω(r) then N(ω) = 1.
3. If α ∈ Fq2 and N(α) = a then α+ a/α ∈ Fq.
Proof. (1) Since q−1 ≡ 2 (mod 4), L−1 is the highest power of 2 dividing q+1.
Let ρ ∈ Ω(2L). Now N(ρ) = ρq+1 so that N(ρ)2 = ρ2(q+1) = 1 and N(ρ) = ±1.
If N(ρ) = 1 then ρq+1 = 1 and 2L = o(ρ) divides q + 1, a contradiction. Hence
N(ρ) = −1. If ω ∈ Ω(2n) for n < L, then ω is an even power of ρ and so
N(ω) = 1.
(2) N(ω)r = N(ωr) = 1 and, as r is prime, the only rth root of unity in Fq
is 1. So N(ω) = 1.
(3) We have ααq = a so that α+ a/α = tr(α) ∈ Fq.
uunionsq
Theorem 1. 1. Suppose q ≡ −1 (mod r) and q ≡ 3 (mod 4).
(a) Qr(x) =
∏
a∈S1(x
2 − ax + 1) and Q2r(x) =
∏
a∈S1(x
2 + ax + 1), where
S1 is the set of roots of 1 +
∑s
i=1Di(x, 1)
(b) For 2 ≤ n < L, Q2nr(x) =
∏
a∈Sn(x
2 + ax + 1), where Sn is the set of
roots of 1 +
∑s
i=1(−1)sD2n−1i(x, 1).
(c) For n ≥ L, Q2nr(x) =
∏
b∈TL(x
2n−L+1 + bx2
n−L −1), where TL is the set
of roots of 1 +
∑s
i=1(−1)sD2L−1i(x,−1).
2. Suppose q ≡ −1 (mod r) and q ≡ 1 (mod 4).
(a) Qr(x) =
∏
a∈S1(x
2 − ax+ 1) and Q2r(x) =
∏
a∈S1(x
2 + ax+ 1).
(b) For 2 ≤ n ≤ L,
Q2nr(x) =
∏
ρ∈Ω(2n−1)
∏
b∈T (ρ)
(x2 + bx+ ρ),
where T (ρ) is the set of roots in Fq of 1 +
∑s
i=1(−1)iD2n−1i(x, ρ).
(c) For n > L, Q2nr(x) =
∏
ρ∈Ω(2L−1)
∏
b∈T (ρ)(x
2n−L+1 + bx2
n−L
+ ρ).
3. Suppose q ≡ 1 (mod r) and q ≡ 3 (mod 4).
(a) Qr(x) =
∏
(x − ω), Q2r(x) =
∏
(x + ω) and Q4r(x) =
∏
(x2 + ω), with
each product over Ω(r).
(b) For 3 ≤ n < L,
Q2nr(x) =
∏
ω∈Ω(r)
∏
c∈Un
(x2 + cωx+ ω2)
where Un is the set of roots in Fq of D2n−2(x, 1).
(c) For n ≥ L,
Q2nr(x) =
∏
ω∈Ω(r)
∏
d∈VL
(x2
n−L+1
+ dωx− ω2)
where VL is the set of roots in Fq of D2L−2(x,−1).
4. Suppose q ≡ 1 (mod r) and q ≡ 1 (mod 4).
(a) Qr(x) =
∏
ω∈Ω(r)(x− ω).
(b) For 1 ≤ n < L,
Q2nr(x) =
∏
ω∈Ω(r)
∏
ρ∈Ω(2n)
(x+ ωρ)
(c) For n ≥ L,
Q2nr(x) =
∏
ω∈Ω(r)
∏
ρ∈Ω(2L−1)
(x2
n−L+1
+ ωρ).
Proof. (1) If ω ∈ Ω(r) then N(ω) = 1 and ω + 1/ω ∈ Fq by Lemma 1. So
Qr(x) =
∏
ω∈Ω(r)
(x− ω) =
∏
(x2 − ax+ 1),
is a factorization over Fq, where a runs over all distinct ω+ω−1. The quadratic
factors are irreducible by Corollary 1. Also,
1 +
s∑
i=1
Di(a, 1) = 1 +
s∑
i=1
(ωi + ω−i)
= ω−s
( 2s∑
j=0
ωj
)
= 0.
As deg(1 +
∑
Di(x, 1)) = s, the a are all of the roots. Further,
Q2r(x) = Qr(−x) =
∏
(x2 + ax+ 1),
which completes the proof of (1)(a).
For (1)(b), the case n = 2 can be checked directly. So suppose 3 ≤ n < L.
Note that a2 = ρω + (ρω)−1 as ρ−1 = −ρ. Let ρn ∈ Ω(2n) and set an =
ρρnω + (ρρnω)−1. We claim that an ∈ Fq and that a2n = 2 − an−1 (with an−1
defined via a different choice of ω). Namely, N(ρρnω) = 1 as n < L and so
an ∈ Fq. And
a2n = ρ
2ρ2nω
2 + (ρ2ρ2nω
2)−1 + 2
= −ρn−1ω2 − (ρn−1ω2)−1 + 2 = 2− an−1.
Then inductively,
Q2nr(x) =
∏
(x4 + an−1x2 + 1) =
∏
(x2 + anx+ 1)(x2 − anx+ 1),
where again the quadratic factors are irreducible over Fq. Lastly, again by in-
duction, the an are roots of
1 +
s∑
i=1
(−1)iD2n−2i(−(x2 − 2), 1) = 1 +
s∑
i=1
(−1)iD2n−1i(x, 1).
This has degree 2n−1s and there are 2n−1s = 12 degQ2nr(x) many an’s. So the
an’s are all of the roots of the above polynomial.
We finish the proof of (1) by checking the case n = L (the cases n > L
then follow from Corollary 1). Now N(ρρLω) = −1 by Lemma 1, so that b =
ρρLω − (ρρLω)−1 ∈ Fq. And b2 = −aL−1 − 2. Hence
x4 + aL−1x2 + 1 = (x2 + bx− 1)(x2 − bx− 1)
is an irreducible factorization over Fq. Lastly, b is a root of
1 +
s∑
i=1
(−1)iD2L−2i(−(x2 + 2), 1) = 1 +
s∑
i=1
(−1)iD2L−1i(x,−1).
As before, the b’s are all of the roots.
(2) First note that L = v2(q − 1) + 1 so that Ω(2n) ⊂ Fq for n < L. The
factorization of Qr(x) and Q2r(x) is the same as in (1). For (2)(b), again the
case n = 2 can be checked directly. For 2 < n < L we work by induction. Set
bn = ρn(ω + ω−1), for ρn ∈ Ω(2n). Then bn ∈ Fq and b2n = bn−1 + 2ρn−1. Note
that the set of bn−1’s is closed under multiplication by −1. Hence we need only
check that
x4 − an−1x2 + ρn−1 = (x2 + bnx+ ρn)(x2 − bnx+ ρn).
Further, bn is a root of
1 +
s∑
i=1
(−1)iD2n−2i(x2 − 2ρn−1, ρn−2) = 1 +
s∑
i=1
(−1)iD2n−1i(x, ρn−1).
Set δρn−1(x) = 1+
∑s
i=1(−1)iD2n−1i(x, ρn−1). Fix a ρn−1 and pick a ρn with
ρ2n = ρn−1. To complete the proof of (2)(b) we need to check that the bn’s are
all of the roots of δρn−1(x) in Fq.
For n = 2, deg δρ1 = 2s which is the number of b2’s so δρ1 has no other roots.
Inductively assume that
δρn−1(x) =
∏
(x− bn) · h(x),
where h(x) is a product of non-linear factors. Then
δρn(x) = δrhon−1(x
2 − 2ρn) =
∏
(x2 − 2ρn − bn) · h(x2 − 2ρn).
Now x2 − 2ρn − bn splits in Fq iff 2ρn + bn is a square in Fq. The bn’s in T (ρn)
are ±ρn(ω+ω−1). And 2ρn+ ρn(ω+ω−1) = ρn(ωr +ω−r)2 is a square (in fact,
the square of a bn+1) while 2ρn−ρn(ω+ω−1) = −ρn(ωr−ω−r)2 is not a square
(as ωr − ω−r /∈ F 2q ). Hence the roots of δρn in Fq are precisely the bn+1’s.
(2)(c) The case n = L must be done separately as ρL /∈ Fq. Set bL = ρρL(ω−
ω−1). As in the proof of (a), (ω − ω−1)2 ∈ Fq \ F 2q . And ρL−1 ∈ Fq \ F 2q . Hence
ρL−1(ω−ω−1)2 ∈ F 2q and its square root, bL, is in Fq. Also b2L = −bL−1+2ρL−1.
Then
x4 + bL−1x2 + ρL−2 = (x2 + bLx+ ρL−1)(x2 − bLx+ ρL−1),
giving the desired factorization. Further, bL−1 = −b2L + 2ρL−1 so that bL is a
root of
1 +
s∑
i=1
(−1)iD2L−2i(−(x2 − 2ρL−1), ρL−2) = 1 +
s∑
i=1
(−1)iD2L−1i(x, ρL−1).
As before, these are all of the roots in Fq. Finally, the cases n > L follow from
Corollary 1.
(3) As q ≡ 1 (mod r), we have Ω(r) ⊂ Fq. The factorizations for Qr and Q2r
are clear and that of Q4r follows from Corollary 1. We do the case n = 3 < L
(the case n = 3 = L will follow from the case n = L to be done later). Let
ρ3 ∈ Ω(23). Then ρ3 ∈ Fq2 \ Fq, N(ρ3) = 1 as n < L, and c3 = ρ3 + ρ−13 ∈ Fq.
Also c23 = ρ+ ρ
−1+2 = 2. A typical factor of Q4r can be written as x2+ω4 and
we have
x4 + ω4 = (x2 + c2ωx+ ω2)(x2 − c2ωx+ ω2),
giving the desired factorization of Q23r(x). Note that c3 = ±
√
2, the roots of
D2(x, 1) = x2 − 2.
Now suppose 3 < n < L and work inductively. We have N(ρn) = 1 so that
cn = ρn + ρ−1n ∈ Fq. And c2n = cn−1 + 2. A typical factor of Q2n−1r(x) can be
written as x2 − cn−1ω2x+ ω4 and we have
x4 − cn−1ω2x2 + ω4 = (x2 + cnωx+ ω2)(x2 − cnωx+ ω2),
giving the desired factorization. Further, cn is a root of D2n−3(x2 − 2, 1) =
D2n−2(x, 1). A counting argument shows the cn’s are all of the roots.
Next suppose n = L. We have N(ρL) = −1 so that cL = ρL−ρ−1L ∈ Fq. And
c2L = cL−1 − 2. Then
x4 − cL−1ω2x2 + ω4 = (x2 + cLωx− ω2)(x2 − cLωx− ω2),
giving the desired factorization. Further, The cL’s are all of the roots ofD2L−3(x2+
2, 1) = D2L−2(x,−1). The cases n > L follow from Corollary 1.
(4) Note that L = v2(q−1)+1. Hence here Ω(r), Ω(2n) ⊂ Fq, for n < L. The
factorizations of Q2nr(x) for n < L are clear and the rest follows from Corollary
1.
uunionsq
3 Cyclotomic polynomials in the case r = 3
We work out the case r = 3 (so that all Fq not of characteristic 2, 3 are covered).
By way of comparison,we first recall the result for r = 1. L continues to denote
v2(q2 − 1).
Proposition 2. The following are factorizations.
1. If q ≡ 1 (mod 4) then
(a) For 1 ≤ n < L, Q2n(x) =
∏
(x+ a), where a runs over all primitive 2n
roots of unity.
(b) For n ≥ L, Q2n(x) =
∏
(x2
n−L+1
+ a), where a runs over all primitive
2L−1 roots of unity.
2. If q ≡ 3 (mod 4) then
(a) For 2 ≤ n < L, Q2n(x) =
∏
(x2 + ux+ 1) where u runs over all roots of
D2n−2(x, 1).
(b) For n ≥ L, Q2n(x) =
∏
(x2
n−L+1
+ vx2
n−L − 1), where v runs over all
roots of D2L−2(x,−1).
Proof. Statement (1) is from [4]. Statement (2) is by Meyn [5].
uunionsq
Proposition 3. The following are factorizations.
1. If q ≡ 1 (mod 12) then let u, v ∈ Fq be the primitive cube roots of unity.
(a) Q3(x) = (x− u)(x− v).
(b) For 1 ≤ n < L, Q2n3(x) =
∏
(x+ uρ)(x+ vρ), where ρ ∈ Ω(2n).
(c) For n ≥ L, Q2n3(x) =
∏
(x2
n−L+1
+uρ)(x2
n−L+1
+vρ), where ρ ∈ Ω(2L).
2. If q ≡ 5 (mod 12) then
(a) Q3(x) = x2 + x+ 1 and Q6(x) = x2 − x+ 1 are irreducible.
(b) For 2 ≤ n ≤ L, Q2n3(x) =
∏
(x2+cx+ρn−1), where ρn−1 ∈ Ω(2n−1) and
for each ρn−1, the c’s run over all the solutions to
D2n−1(x, ρn−1) = 1.
(c) For n > L, Q2n3(x) =
∏
(x2
n−L+1
+ cx2
n−L
+ ρL−1), with ρL−1 and c as
before.
3. If q ≡ 7 (mod 12) then again let u, v ∈ Fq be the primitive cube roots of
unity.
(a) Q3(x) = (x − u)(x − v), Q6(x) = (x + u)(x + v) and Q12(x) + (x2 +
u)(x2 + v).
(b) For 3 ≤ n < L, Q2n3(x) =
∏
(x2 + cux+ v)(x2 + cvx+ u), where c runs
over the roots of D2n−2(x, 1).
(c) For n ≥ L, Q2n3(x) =
∏
(x2
n−L+1
+dux2
n−L−v)(x2n−L+1+dvx2n−L−u),
where d runs over the roots of D2L−2(x,−1).
4. If q ≡ 11 (mod 12) then
(a) Q3(x) = x2 + x+ 1 and Q6(x) = x2 − x+ 1 are irreducible.
(b) For 2 ≤ n < L, Q2n3(x) =
∏
(x2 + ax + 1), where the a’s run over all
solutions to D2n−1(x, 1) = 1.
(c) For n ≥ L, Q2n3(x) =
∏
(x2
n−L+1
+ bx2
n−L − 1), where the b’s run over
all solutions to D2L−1(x,−1) = 1.
4 Factors of Dickson polynomials
The results here for the Dickson polynomials of the first kind are a re-formulation
of results in [2]. The results for the Dickson polynomials of the second kind are
new. We have included the first kind results to illustrate how the approach taken
here covers the two kinds simultaneously.
Recall that the factorization of xt + 1 is
xt + 1 =
∏
d|t
t/d odd
Q2d(x).
The following generalization is standard.
Proposition 4.
w−1∑
i=0
xit =
∏
d|t,1 6=s|w
(s,t/d)=1
Qds(x).
We review the transformations of [2]. Let Pn be the collection of all polyno-
mials over a field F of degree n and let Sn denote the family of all self-reciprocal
polynomials over F of degree n. Define
Φ : Pn → S2n by
f(x) 7→ xnf(x+ x−1),
where n = deg f .
A self-reciprocal polynomial b(x) of degree 2n can be written as
b(x) =
n−1∑
i=0
bi(x2n−i + xi) + bnxn.
Define
Ψ : S2n → Pn by
b(x) 7→
n−1∑
i=0
biDn−i(x) + bn.
Φ and Ψ are multiplicative inverses (this was proved only for finite fields in [2],
Theorem 3, and for arbritrary fields in [3], Theorem 6.1). We write Dn(x) for
Dn(x, 1) and En(x) for the nth order Dickson polynomial of the second kind.
Proposition 5. Write n = 2km with m odd. Then:
Φ(Dn(x)) =
∏
e|m
Q2k+2e(x)
Φ(En−1(x)) =
∏
e|m
k+1∏
i=0
Q2ie(x),
where we exclude e = 1, i = 0, 1 from the second equation.
Proof. Note that by Waring’s identity
Φ(Dn(x)) = xnDn(x+ x−1) = x2n + 1.
Take t = 2n and w = 2 (and so s = 2) in Lemma 4 to get the result. Similarly,
Φ(En−1(x)) = xn−1En−1(x+ x−1) = (x2n − 1)/(x2 − 1).
Take t = 2 and w = n in Lemma 4 to get the result.
uunionsq
Corollary 1. Write n = 2km, with m odd. The factorizations over Q are:
Dn(x) =
∏
e|m
Ψ(Q2k+2e(x))
En−1 =
∏
e|m
k+1∏
i=0
Ψ(Q2ie(x)),
where we again exclude e = 1, i = 0, 1 from the second equation.
Proof. This follows from Proposition 5 and the properties of Φ, Ψ since each
Qr(x), r > 1 is irreducible over Q and self-reciprocal.
uunionsq
5 Dickson polynomials in the case r = 3
We return to the case of finite fields Fq. We use the explicit factorizations of
cyclotomic polynomials to get explicit factorizations of the Dickson polynomials
of order 2nr, via Proposition 1. We begin with the case r = 1, where the fac-
torizations of Q2n(x) were known but the results for Dickson polynomials are
new.
Proposition 6. Set L = v2(q2 − 1).
1. For 1 ≤ n ≤ L − 3, D2n(x) splits in Fq. For n ≥ L − 2, we have the
factorization
D2n(x) =
∏
(D2n−L+3(x) + a),
where a runs over all roots of D2L−3(x).
2. For 1 ≤ n ≤ L − 2, E2n−1(x) splits in Fq. For n ≥ L − 1, we have the
factorization
E2n−1(x) =
L−3∏
i=0
(x+ ai) ·
n−L+2∏
i=1
(D2i(x) + aL−3),
where ai runs over all the roots of D2i(x).
We note that, when L = 3, the statement (1) means thatD2n(x) is irreducible
over Fq for n ≥ 1.
Theorem 2. Set L = v2(q2 − 1).
1. Suppose q ≡ ±1 (mod 12). For 0 ≤ n ≤ L − 3, D2n3(x) splits in Fq. For
n ≥ L− 2, we have the factorization
D2n3(x) =
∏
(D2n−L+3(x) + a),
where a runs over all the roots of D2L−33(x).
2. Suppose q ≡ ±5 (mod 12). The following are factorizations.
(a) For 0 ≤ n ≤ L− 3,
D2n3(x) =
∏
(D1(x) + a)(D2(x) + aD1(x) + (a2 − 1)),
where a runs over all the roots of D2n(x).
(b) For n ≥ L− 2,
D2n3(x) =
∏
(D2n−L+3(x) + b)(D2n−L+3(x) + uD2n−L+2(x) + (b+ 3)),
where b runs over roots of D2L−3(x) and u2 = 3b+ 6.
Proof. The proof is a tedious computation. Take each factor of the appropriate
cyclotomic polynomial, pair it with its reciprocal and then apply Ψ . We note
that in Case 2, 3 /∈ F ∗2q . And b + 2 /∈ F ∗2q since otherwise
√
b+ 2 is a root in
Fq of D2L−3(x2 − 2) = D2L−2(x), contradicting Proposition 6. Thus 3b + 6 has
square roots u in Fq.
uunionsq
The factorizations of E2n3−1(x) follow from the previous result and the fol-
lowing identity:
Corollary 2. For n ≥ 1
E2n3−1(x) = (x2 − 1)
n−1∏
i=0
D2i3(x).
Proof. We use induction. For n = 1, Proposition 5 gives,
E2n3−1(x) = E5(x) = Ψ(Q4)Ψ(Q3)Ψ(Q6)Ψ(Q12).
ThenQ3 = x2+x+1 so Ψ(Q3) = x+1,Q6 = x2−x+1 so Ψ(Q6) = x−1 and,using
Proposition 5 again, Ψ(Q4)Ψ(Q12) = D3. So E2n3−1(x) = (x2 − 1)D2n−13(x).
Proposition 5 gives:
E2n+13−1(x) = E2n3−1Ψ(Q2n+2)Ψ(Q2n+23)
= E2n3−1D2n3,
which gives the result by induction.
uunionsq
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